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8:USEFUL MORPHISMS

Throughoutit: V-Y marphism of schemes

Sw: morphisms are more fundamental than
objects

e.g. P: property ofschemes

e : X-Y has p if

my affine open u CY,
i-(U) has P

8.1 "Reasonable"classes ofmorphisms

A class ofmorphisms is called "reasonableif:

(i) the class is preserved by composition

(ii) 17 base change
PRECISELY (need existence of fibre products)

2510.1
xxY'-

i' II it in the class

yes Y => H'in the cass

(iii) the class is local on tretarget
i.e. (a) iiX-Y in the class

=>Form VCY, Hy-s* eV
is in the class



(b) · Hix - 7 amorphism
· [Vis gun cover of Y

S.t. #1-(vi) *"(vi)
-> Vi

is in theclass Fi

=>It is in the class

El
& (ic+ (ii) => (iv) presend by product8.1.

12. X- Y I S-scheme with pop. P
x -Y'

Then xxsX-eYXsY' has prop. P

=>(v) CancellationThere 11.2.1

[ class of"Easyexercise 8.1.B. isos ofschons) is "reasurable"
Deg18. 1.2. H:X-Y is an open embedding

Calso open immersion)
ifit is an open embeddle of ringedspace

It i:(x,0x)-> (4, 07)
-&

(n,0x(u)
:U- Y
open

If X CY susset, and Hix+Y on embedding
line we call (X,(X)
-

an open subscheme of (4, 04)

#

0,0) -/A



Q:XCY ga, Yschre => X schre?

YES:CAM:Our affre subschons are abase

of the copologs on y

-8.2 Algebraic interlude
RECALL. 4:B- Aring morphism-

GGA is integral over B it:

a+?ant, ... ? =0

where coefficers lie in 4(B).

· I is integral ifevery elect ofA

is integral our 4(B)

· if 4: BC A integral t

an inclusion of wings

tru 4 is an integral extension

In* 8.2.5(The lying over Heaven)
· : BeAintegral extension

Stre A onneiced q CB

C
Ia princidal ptA sit. PMB =g

GERMETRIC TRANSLATION:

= SpeCA-> SpeCB is sugective

⑲specA

↳Spec B



th8.2.F (Exercise) (Gay-Up Theme)
·d:B- Aintegralwing morphism
-

91CR2 a... can chain of primes in B

P,CP2C ... cPm chain ofprimes in
A

y ->m< n) St. Pities over"9:

The (2) extend to PICP2c... [Pr

sit. P: "(is or"9;

↳① So knlldeBIknuldinA)
Ex8.2.H. (Nakayama (4)
·(A, m) local ring
·M is finger. A-module
· fy, ..., fm EM greate M/MM
The fl, ..., fr generate M.

8.3 Finiteness carditions on maphisms

① Quasiconpart

H: X-Y is quasicompactit ⑧
F oven affine subset UCY, of affire

Ti(U) is quasi cepact I
"eve, open come

has afinite subcon

② Quasi spcated

MiXtY is qualiserated if

For aftire subset UCY, it(u) is quasisp.
-
I



I
I quasi compact
fine 11

quasicempact

929) -> Ecover by fr. man affire
a intersection is coved by fin was agains

ek.

① X scheme is quasicenact
i

It X -> Speck is quasicanpact
- lunkaboutit

⑤Altine
HiX-Y is affine if an

Schere
-

Iopen affreUCY, is,affire,
C
as anger
subsafeofX

Rop*8.3.4 "affile"ness is afficlical on thetaget

④Finite

4:Be Aring maphism st.

L A is agu ga. B-module

I say A is afinite B-algebra
⑬ shonger than-H: X-Y is finite if "Lin-gen. Balgiba"

Aafficoum U=SpeB CY,

i(SpecB) =Spce A

whe A:finite B-algebra.

Scoth:finite =closed+ finite fibers
=



Es: finite morphisms are affire
- projective I-have find file.

⑤Integral
F:X- Y is integral if
- i is affine
- Iaffine open specBCY,

· -(SpeB) =SpcA

· indeed map B-Ais integral

Ifinite maphisms are integral

I integral maphism are closed

⑥ Localls of finite bre
H:xey is locals of fin. Give it
- A affine open speB CY
Aafter den SpeeA C -CSPLCBC

the induced induced morphism B-A

expresse Aas a fin. ga. B-alged
⑦finite tie
R:XCY is of finite tyre if
- It is locally of fur. Dre
- It is quasi compact.



Eets. Finite -integral + finite tyre
-

. open embedelys are localls of finite tire

-

EXAMPLE OFFINITEMORPHISM

Ex speck (t) -> Speck(n] IKGeld!)
givenby p(t)u
I
a degree on poy.

This quit.

kCt] gen. I a kln)-module

by 1,t, 72, ..., th-1

-

12k[t] -< i

u.1:=p(t)↳ E-lin

deg=3
-
A

inline".
-

Unpacking De picture:

K=1R / Ett
dep

=3 k=4 E at p(t)

- k[t]

& I notetp(t)... u=p(t))

d d d d
k[u]

It' speck(u]

i real
I real room ofp(a)

a complex



k[t] & k(u)

plt) 1 U

Spec KCE)
-> Speck [n]

(t -a) (u - p(a)

C.J. p(t) =t3,k =4

(t - a)

(t - 3a) I1 (u -a)
(t - (a)

3:and root of mil


